
Math. Program., Ser. B
DOI 10.1007/s10107-007-0145-1

FULL LENGTH PAPER

How does a stochastic optimization/approximation
algorithm adapt to a randomly evolving optimum/root
with jump Markov sample paths

G. Yin · C. Ion · V. Krishnamurthy

Received: 17 June 2005 / Accepted: 8 December 2005
© Springer-Verlag 2007

Abstract Stochastic optimization/approximation algorithms are widely used to
recursively estimate the optimum of a suitable function or its root under noisy
observations when this optimum or root is a constant or evolves randomly accor-
ding to slowly time-varying continuous sample paths. In comparison, this paper ana-
lyzes the asymptotic properties of stochastic optimization/approximation algorithms
for recursively estimating the optimum or root when it evolves rapidly with nons-
mooth (jump-changing) sample paths. The resulting problem falls into the category of
regime-switching stochastic approximation algorithms with two-time scales. Motiva-
ted by emerging applications in wireless communications, and system identification,
we analyze asymptotic behavior of such algorithms. Our analysis assumes that the
noisy observations contain a (nonsmooth) jump process modeled by a discrete-time
Markov chain whose transition frequency varies much faster than the adaptation rate

Dedicated to Professor Boris Polyak on the occasion of his 70th birthday.

The research of G. Yin was supported in part by the National Science Foundation under DMS-0603287, in
part by the National Security Agency under MSPF-068-029, and in part by the National Natural Science
Foundation of China under #60574069. The research of C. Ion was supported in part by the Wayne State
University Rumble Fellowship. The research of V. Krishnamurthy was supported in part by NSERC
(Canada).

G. Yin (B) · C. Ion
Department of Mathematics, Wayne State University, Detroit, MI 48202, USA
e-mail: gyin@math.wayne.edu

C. Ion
e-mail: cion@math.wayne.edu

V. Krishnamurthy
Department of Electrical Engineering, University of British Columbia,
Vancouver, Canada, V6T 1Z4
e-mail: vikramk@ece.ubc.ca

123



G. Yin et al.

of the stochastic optimization algorithm. Using stochastic averaging, we prove conver-
gence of the algorithm. Rate of convergence of the algorithm is obtained via bounds
on the estimation errors and diffusion approximations. Remarks on improving the
convergence rates through iterate averaging, and limit mean dynamics represented by
differential inclusions are also presented.

Keywords Stochastic approximation · Stochastic optimization · Nonsmooth-jump
component · Two-time scale · Convergence and rate of convergence
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1 Introduction

1.1 Motivation

This paper considers a class of two-time-scale stochastic optimization and approxi-
mation algorithms for estimating a randomly evolving optimum of a suitable function
or its root. The randomly evolving optimum/root has nonsmooth (more specifically
jump-varying) sample paths modeled as a finite state Markov chain. The motivation for
introducing this finite state Markov chain stems from emerging applications in wireless
communications (e.g., tracking fast fading channels in cognitive radio systems [9]),
financial engineering (e.g., modeling stochastic volatility and other market and econo-
mic factors), discrete optimization, system identification, detection, nano technology,
and optimization of a function whose noisy measurements contain a jump component;
see [1,3,4,13,12,32] among others. In these applications, a Markov chain is used to
modulate the regime switching and to model the random environment. Typically, the
system under consideration has a number of regimes or configurations nonsmoothly
connected, across which the behavior of the system is markedly different.

Due to the small step size used in the recursive computation of the sequence of ite-
rates (parameter estimates), the stochastic optimization and approximation algorithms
can be considered as a slow dynamical system. That is, the iterates generated by the
algorithm evolve slowly with time. Indeed, the step size determines the adaptation
rate of the algorithm. In comparison, the Markov chain is a fast process—it varies
at an order of magnitude faster than the adaptation rate of the stochastic approxi-
mation algorithm. We focus on analyzing the behavior of the stochastic approxima-
tion/optimization algorithm for such systems.

In general terms, our stochastic optimization problem can be posed as analyzing the
tracking behavior of a two-time-scale stochastic approximation algorithm. However
unlike standard stochastic approximation problems, there is an additional fast Mar-
kov chain parameter in the noisy measurements. Because the stochastic approxima-
tion/optimization algorithm (with a small step size) is a slow dynamic system and the
parameter jump changes rapidly, it is virtually impossible to track the Markov para-
meter process using a stochastic approximation method. Thus analyzing the behavior
of stochastic approximation and optimization algorithms under this scenario poses
a challenging problem. We observe, however, due to the fast variation of the jump-
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Stochastic approximation/optimization with jump parameters

changing parameter, there is no need to track the system at any given instance since
it will jump to another (Markov) state within a very short period of time. Instead of
tracking the system at any time instant, we suggest to handle it using a different ap-
proach. We may treat the Markov chain as another source of noise. As an alternative,
we show that a limit system can be obtained in which the switching is averaged out
with respect to the stationary measure. Our recommendation is: In lieu of tracking the
original system, we can concentrate on estimating the limit system.

Another example that motivates this paper is stochastic optimization problems
where noisy observations contain a fast jump component. Such jump components
may be used to model sudden changes in the system environment, for example, a
Gilbert–Elliott model for a rapid channel fade in a wireless communications system.
Suppose we are interested in the following stochastic optimization problem: mini-
mize a suitable (smooth) deterministic function E F(x, ξn, θn) (where E denotes the
expectation operator), given noisy observations of the function values F(xn, ξn, θn)

(or noisy observations of the gradient ∇x E F(xn, ξn, θn)) at suitable design points xn
with n = 0, 1, 2, . . . denoting the discrete time. Here {ξn} is a stationary stochastic pro-
cess termed “observation noise,” {θn}, independent of {ξn}, is a discrete-time Markov
chain taking values in {1, 2, . . . , m0}, and having transition matrix Pε = P + εQ
(where P is irreducible and aperiodic, Q is a generator of a continuous-time Mar-
kov chain and ε > 0 is a small parameter). It is readily seen that E F(x, ξn, θn) =∑m0

i=1 E F(x, ξn, i)P(θn = i). The difficulty in using a stochastic approximation
algorithm lies in: one needs to track P(θn = i) of the Markov chain at each time
instant n. In this paper, we suggest a viable alternative. Instead of computing the
optimal estimate (e.g., conditional mean) which evolves rapidly over time, we focus
on asymptotic or “near” optimality. In this setting, the instantaneous P(θn = i) is
replaced by its “stationary distribution” of the Markov chain θn . We can ignore the
detailed variations, and focus on what happens in the limit system. In many practical
situations, such an approach will provide us with approximate tracking capability or
feasible estimation procedure.

Before proceeding, a remark on the analysis to be presented is in order. Due to
the time-varying characteristics and the Markovian jumps, we cannot directly invoke
the existing results in the literature of usual stochastic approximation (SA) methods,
for example, [17]. Instead, we need to start by working out the stochastic averaging
by applying a martingale problem formulation. In this work, we first analyze the
convergence of the algorithms. Then we proceed to analyze the rates of convergence,
which is handled via the following steps. First an error bound is obtained by use of
a Liapunov function. Then the limit of a suitably scaled sequence of the estimation
errors is shown to be the solution of a stochastic differential equation. We further
demonstrate how the asymptotic convergence rate of the algorithm can be accelerated
using minimal window width “iterate averaging” [16]. In the late 1980’s and early
1990’s, the iterate averaging procedure for accelerating convergence rates of stochastic
approximation algorithms was proposed by Polyak [19] (see also [20]) and developed
independently by Ruppert [21]. The main idea of their approach is the use of averaging
of iterates obtained from a classical stochastic approximation algorithm with slowly
varying step sizes. Their work stimulated much of the subsequent research in this area
such as [7,16,22,27] among others.
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1.2 Perspective

Bayesian estimation versus stochastic approximation. To track a fast jump changing
Markovian signal, instead of using a stochastic approximation algorithm (which is
what this paper considers), one could use a Bayesian Hidden Markov Model filtering
algorithm [8]. Such Bayesian filtering algorithms recursively compute the conditional
mean estimate of the state of the underlying Markov chain based on the observation
history; see also [11] for recursive (real time) joint state and parameter estimation
for HMMs. However, Bayesian filtering algorithms suffer from the twin curses of
modeling and dimensionality. That is, exact knowledge of noise distribution and the
transition probabilities and state levels of the Markov chain are required and the com-
putational complexity is quadratic in the number of states. For this reason, in many
applications, for example, in wireless communications, Bayesian filtering is seldom
used. In contrast, stochastic approximation algorithms are widely used although they
do not exploit knowledge of the underlying dynamics of the Markov chain to compute
the estimates. It is thus of significant interest to analyze the performance of a stochastic
approximation algorithm when the underlying parameter is jump-changing rapidly.

Context. To give some perspective on the results in this paper, we briefly discuss two
other recent results which also deal with stochastic approximation and optimization
algorithms and parameters with finite state Markovian dynamics. If we specialize the
SA algorithm to LMS (least mean squares) estimation and tracking, the dynamics
of the true parameter considered in this paper (modeled as a Markov chain with
transition probability matrix P + εQ, where P is a transition matrix and Q is a
generator of a continuous-time Markov chain) evolves on much faster time scale
than the dynamics of the stochastic approximation algorithm, i.e., ε = O(µγ ) with
0 < γ < 1. In comparison, the recent papers [29,32] analyze the tracking properties
of a stochastic approximation algorithm when the Markov chain dynamics of the
true parameter evolves on the same time scale, i.e., ε = O(µ), as the stochastic
approximation algorithm (with P = I used there). In [29,32], unlike the results
here, the limit dynamics of the iterates can be represented by a Markov modulated
ordinary differential equation (ODE) and the limit of the scaled sequence of estimation
errors satisfies a switching diffusion process. In [30], we address the case where the
Markov chain evolves much slower than the dynamics of the stochastic approximation
algorithm, i.e., ε = o(µ). In that case, the limit dynamics are also captured by an ODE
and the limit of a scaled sequence of the estimation errors is a diffusion process. The
aforementioned results together with findings of this paper give a characterization of
LMS type algorithms when the true parameter changes in accordance with a Markov
chain (with different scales).

1.3 Outline

The rest of the paper is arranged as follows. Sect. 2 presents the precise formulation and
the recursive algorithm. Sect. 3 is devoted to studying the convergence of the algorithm.
We derive an associated ordinary differential equation through weak convergence
analysis, in which both the observation noise and the Markov chain are averaged out.
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Also provided is a bound in terms of a Liapunov function, which leads to tightness of
the iterates. This tightness further allows us to obtain convergence to the stable point
of a limit ordinary differential equation using a stability argument. Sect. 4 proceeds
with the rate of convergence analysis. To ascertain the convergence rate, we first
derive a bound on the estimation errors, and then we show that a scaled sequence
of the estimation errors converges weakly to a diffusion process through martingale
averaging. Sect. 5 is devoted to iterate averaging. Sect. 6 provides a case study on an
adaptive filtering type algorithm, and concludes the paper with further remarks.

2 Problem formulation and stochastic approximation/optimization algorithm

This section presents the problem formulation and the stochastic approximation/
optimization algorithm. A main feature of this algorithm is that it includes a discrete-
time Markov chain. Compared with the variation of the updates represented by the
step size of the algorithm, the Markov chain is rapidly varying. Throughout the paper,
we use K to denote a generic positive constant whose values may vary for different
appearances. For z ∈ Rd×ι and d, ι ≥ 1, z′ denotes its transpose.

2.1 Markov chain θn

We will use the following assumption throughout the paper. It characterizes the time-
varying parameter as a two-time-scale homogeneous Markov chain with a finite state
space.

(A1) Let {θn} be a discrete-time Markov chain with finite state space

M = {1, . . . , m0}, (2.1)

and transition probability matrix

Pε = P + εQ, (2.2)

where ε > 0 is a small parameter, P is an m0 × m0 irreducible and aperio-
dic transition probability matrix, and Q = (qi j ) ∈ Rm0×m0 is a generator
of a continuous-time Markov chain (i.e., Q satisfies qi j ≥ 0 for i ̸= j and∑m0

j=1 qi j = 0 for each i = 1, . . . , m0).

Note that the underlying Markov chain {θn} is in fact ε-dependent. Thus it should
have been written as {θε

n }. We suppress the ε-dependence for notational simplicity.
Also, for simplicity, suppose that the initial distribution P(θ0 = i) = p0,i is inde-
pendent of ε for each i = 1, . . . , m0, where p0,i ≥ 0 and

∑m0
i=1 p0,i = 1.

The irreducibility and aperiodicity of P imply the existence of the associated statio-
nary distribution of the Markov chain associated with the transition matrix P . Denote
the stationary distribution by ν = (ν1, . . . , νm0). For the Markov chain θn , denote the

123



G. Yin et al.

state probability vector pε
n by

pε
n = (P(θn = 1), . . . , P(θn = m0)) ∈ R1×m0 , (2.3)

and denote the n-step transition probability matrix by (Pε)n . For 0 ≤ n ≤ T/ε =
O(1/ε) and for T > 0, it can be shown that pε

n converges to the stationary distribution
ν, and that the time of the Markov chain θn spends in a state i ∈ M can be approximated
by νi in a suitable way. In addition, similar results also hold for the transition matrices.
These approximations are formalized in the following lemma.

Lemma 1 Under conditions (A1), for some 0 < λ < 1, and

(i) for T > 0, and 0 ≤ n ≤ T/ε,

pε
n = ν + O(ε + λn); (2.4)

in addition, for some 0 < n0 < n,

(Pε)n−n0 = 11m0ν + O(ε + λn−n0), (2.5)

where in (2.4) and (2.5), the bounds hold uniformly in 0 ≤ n ≤ T/ε;
(ii) for all n ≥ 0,

pε
n = ν + O(ε2n + ε + λn). (2.6)

Proof The proof of (i) is a simplified version of that of [31, Theorem 3.11], and the
proof of (ii) is that of [31, Proposition 6.6]. ⊓*

Remark 1 Note that in statement (i) of Lemma 1, n is chosen to be in the range of
0 ≤ n ≤ O(1/ε), whereas in (ii), this range is removed. Assertion (ii) will be needed
in the diffusion approximation for the rate of convergence study in Sect. 4.

2.2 Stochastic approximation/optimization algorithm

Let f (·, ·, ·) : Rd × Rd × M +→ Rd , {ξn} be a sequence of Rd -valued noise inde-
pendent of the Markov chain {θn} (more precise conditions will be stated in Sect. 3.1),
µ > 0 be a constant (but small) step size, and xn ∈ Rd . Consider a stochastic approxi-
mation/optimization algorithm of the form

{
xn+1 = xn + µ f (xn, ξn, θn),

pε
n+1 = pε

n Pε, pε
0 = p0.

(2.7)

The first equation in (2.7) is the stochastic approximation update of the parameter
estimate xn . The second equation, denotes the evolution over time of the state proba-
bilities pε

n (2.3) of the Markov chain θn . For example, in the context of the stochastic
optimization problem outlined in Sect. 1.1, f (xn, ξn, θn) represents the noisy gradient
estimate of E F(xn, ξn, θn). Our main motivation for considering a constant-stepsize
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algorithm is because we are interested in adaptive optimization, i.e., algorithms that
can track a time varying optimal parameter; see [1,15,17] for further motivation.

Throughout the paper, we assume that the step size µ satisfies µ ≪ ε and that
ε = ε(µ) such that ε(µ) → 0 as µ → 0. That is, we assume that the dynamics of
the underlying parameter θn (the Markov chain with transition probability matrix Pε)
evolve on a time scale that is an order of magnitude faster than the dynamics of the
stochastic approximation/optimization algorithm. An example of this two-time-scale
behavior is obtained by choosing ε = O(µγ ) in (2.7) with 0 < γ < 1.

It is important to note that the numerical implementation of the above algorithm
does not require assumption (A1) or knowledge of the explicit dynamics of ξn or θn .
The remainder of this paper analyzes the asymptotic properties of (2.7)—it is in this
analysis that we use (A1) and other assumptions listed below.

3 Convergence analysis

This section is devoted to proving the convergence of the algorithm (2.7). In Sect. 3.1,
we take a continuous-time interpolation of the iterates, and show using weak conver-
gence methods that the limit dynamics satisfy an ordinary differential equation. In
Sect. 3.2, we derive a moment bound on the discrete time iterates xn via use of a per-
turbed Liapunov function approach. Finally, using a stability argument, we obtain the
convergence to the asymptotically stable point of the ODE.

3.1 Mean dynamics: ODE limit

Weak convergence is a generalization to function space of the concept of convergence
in distribution of random variables. Establishing weak convergence of the iterates
generated by the algorithm (2.7) requires verification of tightness, extraction of a
weakly convergent subsequence, and characterization of the limit process. We will
prove below that the iterates generated by the algorithm (2.7) converge weakly (in a
limiting sense made precise below) to the trajectory of an ODE (ordinary differential
equation) [17]. In order to show this weak convergence, it is convenient to switch to
continuous time as follows: First, construct a sequence of piecewise constant conti-
nuous time trajectories indexed by µ by interpolating the discrete time iterates xn
generated by the stochastic approximation algorithm (2.7) as:

xµ(t) = xn, t ∈ [µn, µn + µ). (3.1)

From an electrical engineering point of view, this interpolation is merely equivalent
to applying a zero-order hold circuit to the discrete time sequence xn , resulting in the
continuous time trajectory xµ(t).

Next we make the following assumptions:

(A2) The following conditions hold:
(a) For each ξ and each θ , f (·, ξ, θ) is a continuous function; there exists

f̂ (·, ·) such that for each x and each θ , f̂ (x, θ) = E f (x, ξn, θ).
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(b) {ξn} is a bounded stationary process taking values in Rd and being
independent of {θn}; for any m ≥ 0, as n → ∞,

1
n

m+n−1∑

k=m

Em f (x, ξk, i) → f̂ (x, i) in probability (3.2)

for each x and each i ∈ M, where Em denotes the conditional expectation
with respect to Fm , the σ -algebra generated by {x0, ξk, θk : k < m, θm}.

(c) Define f : Rd → Rd as

f (x) =
m0∑

i=1

f̂ (x, i)νi . (3.3)

The initial value problem

ẋ = f (x(t)), x(0) = x0 (3.4)

has a unique solution for each initial condition x0.

Assumption (A2) provides certain regularity conditions on the observation noise
and the function under consideration. The noise condition (3.2) is easily verified for
a φ-mixing process since mixing implies ergodicity. Note that with the conditional
expectation presence, the condition is even weaker. The noise condition can be further
relaxed. For instance, we may assume that f (x, ξ, θ) = f0(x, ξ̃ , θ) + f1(x, θ )̂ξ such
that {̃ξn} is a sequence of bounded noise satisfying the conditions as in (A2), that f0(·)
satisfies the conditions as in (A2), and f1(·) is a bounded and continuous function for
each i ∈ M, that {̂ξn} is a stationary sequence of possibly unbounded noise being
independent of {θn} and {̃ξn} with E ξ̂n = 0 and E |̂ξn|2+γ < ∞ for some γ > 0, and
that for each m,

1
n

m+n−1∑

k=m

Em ξ̂k → 0 in probability as n → ∞.

Under such conditions, the subsequent convergence analysis carries over. We use the
current condition mainly for notational simplicity. To proceed, we present a theorem
that gives the mean dynamics of the iterates.

Theorem 1 Under conditions (A1) and (A2), xµ(·) converges weakly to x(·), which
is the unique solution of (3.4).

Remark 2 Its proof is divided into two parts presented in the next two subsections. A
pertinent way of carrying out the analysis is to use an N -truncation of xµ(·) (see [17]).
Since we will use such an approach in the rate of convergence study, we simply omit
the truncation step in this section for ease of presentation. Without loss of generality,
we assume that xµ(·) is bounded throughout the rest of this section.
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3.1.1 Tightness of {xµ(·)}

Use D([0,∞) : Rd) to denote the space of functions defined on [0,∞) taking values in
Rd that are right continuous and have left limits endowed with the Skorohod topology;
see [17] and the references therein. Then we obtain the following lemma.

Lemma 2 Under conditions (A1) and (A2), {xµ(·)} is tight in D([0,∞) : Rd).

Proof We use the tightness criteria [14, p. 47]. For any δ > 0 and 0 < s ≤ δ,

lim
δ→0

lim sup
µ→0

E |xµ(t + s) − xµ(t)|2 = 0. (3.5)

In fact,

xµ(t + s) − xµ(t) = µ

(t+s)/µ−1∑

k=t/µ

f (xk, ξk, θk). (3.6)

Then by the boundedness of xn (see Remark 2) and hence the boundedness of
f (xn, ξn, θn),

E |xµ(t + s) − xµ(t)|2= E

⎛

⎝µ

(t+s)/µ−1∑

k=t/µ

f (xk, ξk, θk)

⎞

⎠
′ ⎛

⎝µ

(t+s)/µ−1∑

j=t/µ

f (x j , ξ j , θ j )

⎞

⎠

≤ Kµ2
(

t + s
µ

− t
µ

)2

= O(s2).

(3.7)
Taking lim supµ→0 followed by limδ→0, (3.5) is verified. Thus {xµ(·)} is tight in
D([0,∞) : Rd). ⊓*

3.1.2 Characterization of the limit

Continuation of proof of Theorem 1. Since {xµ(·)} is tight, by virtue of the Prohorov’s
theorem, we may extract a weakly convergent subsequence. Select such a subsequence
of xµ(·) and still index it by µ (for notational simplicity) with the limit denoted by x(·).
It can be demonstrated that x(·) has continuous paths w.p.1. By virtue of the Skorohod
representation, with a slight abuse of notation, xµ(·) converges to the limit process
x(·) w.p.1 and the convergence is uniform on any compact interval. We proceed to
characterize the limit x(·), which is the solution of a mean ODE.

Recall the assumed boundedness of the iterates xn ; see Remark 2. Choose a sequence
of positive integers nµ such that nµ → ∞ as µ → 0, but ∆µ = µnµ → 0. Partition
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[t, t + s] into subintervals, and rewrite the sum in (3.6) as

xµ(t + s) − xµ(t)= µ

(t+s)/µ−1∑

k=t/µ

f (xk, ξk, θk)

= ∆µ
1

nµ

(t+s)/µ−1∑

k=t/µ

f (xk, ξk, θk)

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

lnµ+nµ−1∑

k=lnµ

f (xk, ξk, θk).

In the above and henceforth, we treat t/µ and (t + s)/µ as integers without loss of
generality since we can always take their integer parts. Thus, we have

xµ(t + s) − xµ(t)

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

lnµ+nµ−1∑

k=lnµ

f (xlnµ, ξk, θk)

+
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

lnµ+nµ−1∑

k=lnµ

[ f (xk, ξk, θk) − f (xlnµ, ξk, θk)]

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

lnµ+nµ−1∑

k=lnµ

f (xlnµ, ξk, θk) + o(1),

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

m0∑

i=1

lnµ+nµ−1∑

k=lnµ

f (xlnµ, ξk, i)[I{θk=i} − νi ]

+
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

m0∑

i=1

lnµ+nµ−1∑

k=lnµ

f (xlnµ, ξk, i)νi + o(1),

(3.8)

since f (·, ξ, θ) is continuous, where o(1) → 0 in probability uniformly in t . To
proceed, we first derive a lemma.

Lemma 3 For each i ∈ M,

E

∣∣∣∣∣∣

(t+s)/µ−1∑

lnµ=t/µ

lnµ+nµ−1∑

k=lnµ

∆µ
1

nµ
f (xlnµ, ξk, i)[I{θk=i} − νi ]

∣∣∣∣∣∣
→ 0 as µ −→ 0. (3.9)
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Proof of Lemma 3 By a partial summation,

(t+s)/µ−1∑

lnµ=t/µ

lnµ+nµ−1∑

k=lnµ

∆µ
1

nµ
f (xlnµ, ξk, i)[I{θk=i} − νi ]

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ
f (xlnµ, ξlnµ+nµ−1, i)

lnµ+nµ−1∑

k=lnµ

[I{θk=i} − νi ]

+
(t+s)/µ−1∑

lnµ=t/µ

lnµ+nµ−2∑

k=lnµ−1

∆µ
1

nµ
[ f (xlnµ, ξk, i) − f (xlnµ, ξk+1, i)]

k∑

k1=0

[I{θk1=i} − νi ].

(3.10)
Next, for k > k1 and i ∈ M,

Elnµ[I{θk=i} − νi ][I{θk1 =i} − νi ]
= E[I{θk=i, θk1 =i} − νi I{θk=i} − νi I{θk1 =i} + ν2

i | θlnµ]

=
m0∑

i0=1

(
νi + O(ε + λk1−lnµ)

) (
νi + O(ε + λk−k1)

)

− νi

m0∑

i0=1

[ (
νi + O(ε + λk−lnµ)

)
+

(
νi + O(ε + λk1−lnµ)

) ]
I{θlnµ=i0} + ν2

i

=
m0∑

i0=1

O(ε + λk−k1 + λk−lnµ)I{θlnµ=i0}.

Since λk−k1 > λk−lnµ ,

Elnµ[I{θk=i} − νi ][I{θk1 =i} − νi ] = O(ε + λk−k1). (3.11)

Similarly, for k < k1 and i ∈ M,

Elnµ[I{θk=i} − νi ][I{θk1 =i} − νi ] = O(ε + λk1−k). (3.12)

Note that

Lε,µ def= E

∣∣∣∣∣∣

(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ
f (xlnµ, ξlnµ−1, i)

lnµ+nµ−1∑

k=lnµ

[I{θk=i} − νi ]

∣∣∣∣∣∣

≤ E
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ
| f (xlnµ, ξlnµ+nµ−1, i)|

∣∣∣∣∣∣

lnµ+nµ−1∑

k=lnµ

[I{θk=i} − νi ]

∣∣∣∣∣∣

≤ K
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ
E1/2

∣∣∣∣∣∣

lnµ+nµ−1∑

k=lnµ

[I{θk=i} − νi ]

∣∣∣∣∣∣

2

.
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Thus, estimates (3.11) and (3.12), and the assumed boundedness of xn and ε = ε(µ)

(with ε(µ) → 0 as µ → 0) lead to

L̂ε,µ

≤ K E
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

⎡

⎣
lnµ+nµ−1∑

k=lnµ

lnµ+nµ−1∑

k1=lnµ

Elnµ[I{θk=i} − νi ][I{θk1=i } − νi ]

⎤

⎦

1
2

≤ K
(t+s)/µ−1∑

lnµ=t/µ

∆µ

nµ

⎡

⎣
lnµ+nµ−1∑

k=lnµ

∑

k1<k

O(ε + λk−k1)

lnµ+nµ−1∑

k1=lnµ

∑

k<k1

O(ε + λk1−k)

+
lnµ+nµ−1∑

k1=lnµ

O(1)

⎤

⎦

1
2

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ

nµ

(
O(ε)O(n2

µ) + O(nµ)
)1/2

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ

[

O(ε1/2) + O

(
1

n1/2
µ

)]

→ 0 as µ → 0.

This completes the proof of Lemma 3. ⊓*

Similarly, it can be shown

E
∣∣∣
(t+s)/µ−1∑

lnµ=t/µ

∆µ

nµ

lnµ+nµ−2∑

k=lnµ−1

[ f (xlnµ, ξk, i) − f (xlnµ, ξk+1, i)]

×
k∑

k1=lnµ

[I{θk1=i} − νi ]
∣∣∣ → 0, as µ → 0.

(3.13)

What we have demonstrated is that xµ(t + s) − xµ(t) in (3.8) can be approximated
by the terms in its last line. To proceed, for η > 0 let {Bη

ι : ι ≤ ιη} be a finite partition
of the range of xµ(l∆µ), and pick out any point xη

ι ∈ Bη,0
ι in the interior of Bη

ι . It can
be shown as in [17],

(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

m0∑

i=1

lnµ+nµ−1∑

k=lnµ

f (xlnµ, ξk, i)νi

=
(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

m0∑

i=1

lnµ+nµ−1∑

k=lnµ

f (xµ(l∆µ), ξk, i)νi

=
ιη∑

ι=1

(t+s)/µ−1∑

lnµ=t/µ

∆µ
1

nµ

m0∑

i=1

lnµ+nµ−1∑

k=lnµ

f (xη
ι , ξk, i)I{xµ(l∆µ)∈Bη

ι }νi + o(1),

(3.14)
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where o(1) → 0 in probability uniformly in t . Letting l∆µ → u as µ → 0, using the
weak convergence of xµ(l∆µ) to x(u) and the Skorohod representation, and by (3.2),
for each 1 ≤ ι ≤ ιη,

1
nµ

lnµ+nµ−1∑

k=lnµ

f
(
xη
ι , ξk, i

)
I{xµ(l∆µ)∈Bη

ι } → f (x(u))I{x(u)∈Bη
ι }.

It follows that the limit x(·) satisfies (3.4). The proof of the theorem is concluded. ⊓*
Remark 3 Several points are worth of mentioning. First, the continuity of f (·, ξ, θ)

can be relaxed to certain “weak continuity” (e.g., continuity in expectation). Thus, for
example, indicator type of functions can be treated. Second, in lieu of (3.2), suppose
that there are Fi (x), set-valued maps that are upper semi-continuous for each x and
each i ∈ M, and that

ρ

[
1
n

m+n−1∑

k=m

Em f (x, ξk, i), Fi (x)

]

→ 0 in probability as µ → 0,

where ρ(·, ·) is the usual distance function defined by

ρ(x, G)
def= dist (x, G) = inf

y∈G
|x − y|.

Then the limit ordinary differential equation is replaced by a differential inclusion in
the form

ẋ ∈
m0∑

i=1

Fi (x)νi .

3.2 Moment bounds: a perturbed Liapunov function approach

In Sect. 3.1 we studied the behavior of the continuous time interpolated trajectory
xµ(t) of the discrete time sequence of estimates xn in the limit as µ → 0. In this
section we study the behavior of the estimated sequence xn for a small but finite step
size µ. In particular, we examine the sequence {V (xn)} to establish a moment bound
for the sequence of iterates {xn}, where V (·) is a Liapunov function. We show that
EV (xn) = O(1) by a stability argument which requires the following assumption.

(A3) (a) There is a unique x∗ satisfying f̂ (x∗, i) = 0 for each i ∈ M.
(b) f (·, ξ, θ) is twice continuously differentiable for each ξ and each θ , and

fxx (·, ξ, θ) is uniformly bounded.
(c) For each x , each i1, i2, θ ∈ M, and each ξ ,

∞∑

j=n

|En f (x, ξ j , θ) − f̂ (x, θ)| ≤ K (1 + V 1/2(x)), (3.15)
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∞∑

k≥ j

|E f (x∗, ξ j , i1) f ′(x∗, ξk, i2)− E f̂ (x∗, i1)E f̂ (x∗, i2)| < ∞, (3.16)

∞∑

j=n

|En∇x [V ′
x (x)( f (x, ξ j , θ) − f̂ (x, θ)) f (x, ξ, θ)]| ≤ K (1 + V (x)),

∞∑

j=n

|En∇xx [V ′
x (x)( f (x, ξ j , θ) − f̂ (x, θ))]| ≤ K ,

(3.17)
where ∇x b and ∇xx b denote the gradient and the Hessian of b with respect
to the variable x , respectively.

(d) There is a three times continuously differentiable Liapunov function V (·) :
Rd +→ R such that

(i) V (x) ≥ 0, V (x) → ∞ as |x | → ∞, |Vxx (·)| and |Vxxx (·)| are uni-
formly bounded, |Vx (x)| ≤ K

(
1 + V 1/2(x)

)
and | f (x, ξ, θ)|2 ≤

K (1 + V (x)) for each ξ ∈ Rd , and θ ∈ M.
(ii) V ′

x (x) f̂ (x, θ) ≤ −λ0V (x) for some λ0 > 0, and for each θ ∈ M.

Remark 4 By condition (A3) (a) and in view of (3.3), f (x∗) = 0. Thus, x∗ is an
asymptotically stable point of (3.4).

The smoothness condition in (A3) (b) implies that f̂ (·, θ) and f (·) are twice conti-
nuously differentiable for each θ , and that f̂x x (·, θ) and f xx (·) are uniformly bounded.

Condition (A3) (c) is a condition on the dependence structure of the noise and the
growth of the function f (x, ξ, θ) and hence f̂ (x, θ). The dependence is modeled after
the mixing process. For example, the sequences being bounded uniform mixing with
mixing rate ψk satisfying

∑∞
k=0 ψk < ∞ together with the growth of f (x, ξ, θ) yields

(3.15)–(3.17).
Condition (A3) (d) is a stability condition on the limit dynamics of (3.4). This

condition has been used frequently in analyzing stochastic approximation type algo-
rithms. Although the existence of the Liapunov function is required, its precise form
need not be known. The growth condition on the function f (x, ξ, θ), implies that

| f̂ (x, θ)|2 ≤ K (1 + V (x)) and | f (x)|2 ≤ K (1 + V (x)). (3.18)

Theorem 2 Assume (A1)–(A3). Then

EV (xn) = O(1). (3.19)

Proof To prove the result, we use the perturbed Liapunov function approach with the
Liapunov function V (·) defined in (A3) (d). Direct calculations and assumption (A3)
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(d) lead to

En V (xn+1) − V (xn)

= EnµV ′
x (xn) f (xn, ξn, θn) + Enµ

2 1
2

f (xn, ξn, θn)′Vxx (x+
n ) f (xn, ξn, θn)

≤ −µλ0V (xn) + EnµV ′
x (xn)[ f (xn, ξn, θn) − f̂ (xn, θn)] + O(µ2)(1 + V (xn)),

(3.20)
where x+

n is on the line segment joining xn and xn+1. In the above, the second line
follows from a Taylor expansion and the use of (2.7). The second term in the last line
of (3.20) is an extra term that we wish to get rid of. We proceed to average it out using
a perturbation defined by

V µ
1 (x, θ, n)

def= µ

∞∑

j=n

En V ′
x (x)[ f (x, ξ j , θ) − f̂ (x, θ)] for x ∈ Rd , θ ∈ M.

Note that V µ
1 (x, ξ, θ) is well defined. In fact, using (A3) (d) and (3.15), it is readily

seen that for each (x, θ) ∈ Rd × M,

∣∣V µ
1 (x, θ, n)

∣∣ ≤ O(µ)(V (x) + 1) (3.21)

so the perturbation is small. Moreover,

En V µ
1 (xn+1, θn+1, n + 1) − V µ

1 (xn, θn, n)

= En
[
V µ

1 (xn+1, θn+1, n + 1) − V µ
1 (xn+1, θn, n + 1)

]

+En
[
V µ

1 (xn+1, θn, n + 1) − V µ
1 (xn, θn, n + 1)

]

+En V µ
1 (xn, θn, n + 1) − V µ

1 (xn, θn, n).

(3.22)

For each j ≥ n, each x and θ , let

Γ (x, ξ j , θ) = f (x, ξ j , θ) − f̂ (x, θ). (3.23)

Then, by virtue of the Markov assumption, the structure of the transition probability
matrix given by (2.2), and assumptions (A3), (3.15), and (3.23),

En[V µ
1 (xn+1, θn+1, n + 1) − V µ

1 (xn+1, θn, n + 1)]

= µ

∞∑

j=n+1

En V ′
x (xn+1)[Γ (xn+1, ξ j , θn+1) − Γ (xn+1, ξ j , θn)]

= µ

∞∑

j=n+1

En V ′
x (xn)[Γ (xn, ξ j , θn+1) − Γ (xn, ξ j , θn)] + O(µ2)(1 + V (xn))

= µ

∞∑

j=n+1

m0∑

i=1

m0∑

l=1

En V ′
x (xn)[Γ (xn, ξ j , l)pε

il − Γ (xn, ξ j , i)]I{θn=i}

+O(µ2)(1 + V (xn))

= O(µε + µ2 + µ)(1 + V (xn)) = O(µ)(1 + V (xn)).
(3.24)
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Recall that µ ≪ ε. The term on the third line of (3.22) can be estimated using (3.15)
and (3.17). In fact,

En[V µ
1 (xn+1, θn, n + 1) − V µ

1 (xn, θn, n + 1)]

= µ

∞∑

j=n+1

En[V ′
x (xn+1) − V ′

x (xn)]Γ (xn+1, ξ j , θn)

+µ

∞∑

j=n+1

En V ′
x (xn)[Γ (xn+1, ξ j , θn) − Γ (xn, ξ j , θn)]

= O(µ2)(1 + V (xn)). (3.25)

Moreover, for the last term in (3.22),

En V µ
1 (xn, θn, n + 1) − V µ

1 (xn, θn, n) = −µEn V ′
x (xn)[ f (xn, ξn, θn) − f̂ (xn, θn)].

(3.26)
Define

W (x, n) = V (x) + V µ
1 (x, θ, n).

Then, using the above estimates, we have

EnW (xn+1, n + 1) − W (xn, n) = −µλ0V (xn) + O(µ)(1 + V (xn))

≤ −µλ0W (xn, n) + O(µ)(1 + W (xn, n)). (3.27)

Therefore,

EnW (xn+1, n + 1) ≤ (1 − λ0µ)W (xn, n) + O(µ) + O(µ)W (xn, n). (3.28)

Taking expectation and iterating on the resulting inequality yield

EW (xn+1, n + 1) ≤ (1 − λ0µ)n EW (x0, 0) + O(µ)

n∑

j=0

(1 − λ0µ) j

+ O(µ)

n∑

j=0

EW (x j , j)(1 − λ0µ)n− j . (3.29)

For n large enough, (1 − λ0µ)n = O(µ), so it is bounded. In addition,

O(µ)

n∑

j=0

(1 − λ0µ) j = O(1).

Thus,

EW (xn+1, n + 1) ≤ K + O(µ)

n∑

j=0

EW (x j , j)(1 − λ0µ)n− j (3.30)
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for some constant K > 0. The Gronwall inequality yields that

EW (xn+1, n + 1) ≤ K exp

⎛

⎝O(µ)

n∑

j=0

(1 − λ0µ) j

⎞

⎠ = O(1). (3.31)

Replacing W (xn+1, n + 1) by V (xn+1) and in view of (3.21), we obtain

EV (xn+1) = O(1). (3.32)

This completes the proof. ⊓*

Corollary 1 Under (A1)–(A3), if the Liapunov function is locally quadratic, i.e., there
exists a symmetric and positive definite d × d matrix A0 such that

V (x) = (x − x∗)′ A0(x − x∗) + o(|x − x∗|2), (3.33)

then {xn} is tight. (Recall x∗ is defined in (A3)(a).)

Remark 5 In the proof of the result, the perturbation V µ
1 (x, n) can be defined somew-

hat differently. As a result, the estimates can be strengthened and tighter bounds can
be obtained. This will be provided in the rate of convergence study. We present the
current version of proof to indicate how the Markov chain may be handled in places.

Corollary 2 Assume conditions of Corollary 1 and suppose tµ → ∞ as µ → 0. Then
xµ(· + tµ) converges weakly (hence in probability) to x∗ as µ → 0.

Outline of proof. The proof is similar to that of Theorem 1. For any T > 0, consider
the pair (xµ(·+tµ), xµ(·+tµ−T )), and extract a weakly convergent subsequence with
limit denoted by (x(·), xT (·)). Clearly, x(0) = xT (T ). Moreover, the set of possible
values of {xT (0)} is tight due to Corollary 1. The desired result then follows from the
asymptotic stability of the ODE in (3.4).

4 Rate of convergence

This section is divided into two parts. In the first part, we derive moment bounds in
terms of a Liapunov function. The second part then proceeds with a local analysis on
obtaining a diffusion limit.

4.1 Error bounds

This section is on error bounds for the centered estimation error process xn − x∗ where
x∗ is the unique asymptotically stable point of (3.4) defined in (A3)(a). The analysis
is based on a Liapunov stability argument. The result is again obtained by using the
perturbed Liapunov function method. We state this as the next assertion.
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Theorem 3 Choose Nµ to be a positive integer such that

(
1 − λ0µ

2

)Nµ

≤ Kµ for some K > 0. (4.1)

Under the conditions of Theorem 1, for all n ≥ Nµ, EV (xn) = O(µ).

Proof Since the proof is similar in spirit to that of Theorem 2, we only point out the
main difference. In lieu of V µ

1 (x, θ, n), define

Uµ(x, n) = µ

∞∑

j=n

En V ′
x (x)[ f (x, ξ j , θ j ) − f̂ (x, θ j )].

Then it can be shown that by the independence of {ξn} and {θn}, and (3.15),

|Uµ(x, n)|=

∣∣∣∣∣∣
µ

∞∑

j=n

m0∑

i=1

V ′
x (x)[En f (x, ξ j , i) − f̂ (x, i)]En I{θ j =i}

∣∣∣∣∣∣

≤ µ

∞∑

j=n

m0∑

i=1

m0∑

i1=1

V ′
x (x)|En f (x, ξ j , i) − f̂ (x, i)|P(θ j = i |θn=i1)

≤ Kµ(1 + V (x)).

Define

W̃ (x, n) = V (x) + Uµ(x, n).

Similar to the proof of Theorem 2, it can be shown that

EnUµ(xn+1, n + 1) − Uµ(xn, n)

= [EnUµ(xn, n + 1) − Uµ(xn, n)] + En[Uµ(xn+1, n + 1) − Uµ(xn, n + 1)]
= −µV ′

x (xn)[ f (xn, ξn, θn) − f̂ (xn, θn)] + O(µ)(1 + V (xn)).

Using the estimates above, we further obtain

EnW̃ (xn+1, n + 1) ≤ (1 − λ0µ)W̃ (xn, n) + O(µ2)(1 + W̃ (xn, n)).

Then for sufficiently small µ, 1 − λ0µ + O(µ2) ≤ 1 − (λ0µ/2), and

EW̃ (xn+1, n + 1) ≤
(

1 − λ0µ

2

)n

EW̃ (x0, 0) + O(µ).

The desired result then follows similar as in the last section. ⊓*
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Remark 6 Theorem 3 provides a bound on the estimation error sequence {xn − x∗},
which reveals how the errors vary with respect to the step size µ. To better delineate
the evolution of the error dynamics, define a scaled sequence of the estimation errors
{un} by

un = xn − x∗√
µ

. (4.2)

We proceed with the study on the asymptotics of un .

Corollary 3 Assume conditions of Theorem 3. If the Liapunov function is locally
quadratic as given in (3.33), then {un : n ≥ Nµ} is tight with Nµ given by (4.1).

4.2 Diffusion limit

We assume the conditions of Corollary 3 are satisfied and define uµ(·), the continuous-
time interpolation of un by

uµ(t) = un, for t ∈ [µ(n − Nµ), µ(n − Nµ) + µ). (4.3)

We aim to derive a diffusion limit for uµ(·) as µ → 0. The scaling factor
√

µ toge-
ther with the asymptotic covariance of the limit process gives us a rate of convergence
result. We linearize f (x, ξ, θ) about x∗ and carry out a local analysis. In view of (2.7),

un+1 = un +√
µ f (x∗, ξn, θn)+µ fx (x∗, ξn, θn)un +µ3/2 O(|un|2| fxx (x∗

n , ξn, θn)|),
(4.4)

where x∗
n is on the line segment joining xn and x∗. Recall that f (x∗) = 0 since x∗ is

the unique asymptotically stable point of (3.4).
Remark: Our aim is to prove that as µ → 0, the interpolated error uµ(t) converges
weakly to the diffusion process

du(t) = f x (x∗)u(t)dt + Σ1/2
w dŵ. (4.5)

where Σw is defined in (4.15), (4.13). Before proceeding with the formal, it is wor-
thwhile considering the following intuitive explanation. Consider the first-order time
discretization of the stochastic differential equation (4.5) with discretization interval
µ equal to the step size of the stochastic approximation algorithm 2.7. The resulting
discretized system is

un+1 = un + √
µΣ1/2

w vn + µ f x (x∗)un (4.6)

where vn = ŵn+1 − ŵn is a discrete-time white Gaussian noise. By comparing (4.6)
with (4.4), it is intuitively clear that they are equivalent in distribution. In particular, by
the stochastic averaging principle, fx (x∗, ξn, θn) behaves as its average f x (x∗), thus
yielding the third term on the right hand side of (4.6). Similarly, by the principle of
stochastic averaging, the second term on the right hand side of (4.4) behaves according
to the square root of its covariance Σw—thus yielding the second time on the right
hand side of (4.6). The proof below goes in the reverse direction, i.e., it shows that as
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the discretization interval µ → 0, the discrete-time process (4.4) converges weakly
(in distribution) to the continuous-time process (4.6) under suitable technical assump-
tions. The key for this weak convergence of a sequence of discrete-time iterates to
a continuous-time process is that the iterates should be well behaved in distribution.
This well behavedness is captured by the tightness which roughly speaking states that
the process is bounded in probability. The main tool used below to prove the weak
convergence is the “martingale problem” formulation as discussed following (4.23).

Up to now, we have assumed only µ ≪ ε. To obtain the desired diffusion limit,
we need more information on the step size parameter. In what follows, we assume
ε = µ

1
2 +∆ for some ∆ > 0. Owing to definition (4.2), {un} is not a priori bounded.

We use an N -truncation device [17]. Let N > 0 be fixed but otherwise arbitrary,
SN (z) = {z ∈ Rd : |z| ≤ N } be the sphere with radius N , and q N (z) be a smooth
function satisfying

q N (z) =
{

1, if |z| ≤ N ;
0, if |z| ≥ N + 1.

Note that q N (z) is smoothly connected between the sphere SN and SN+1. Now

uN
n+1 = uN

n + µ fx (x∗, ξn, θn)uN
n q N (

uN
n

)
+ √

µ f (x∗, ξn, θn)

+ O
(
µ3/2|uN

n |2q N (
uN

n
))

. (4.7)

Define uµ,N (·) as the continuous-time interpolation of uN
n in t ∈ [µ(n − Nµ), µ(n −

Nµ + 1)). It then follows that

lim
k0→∞

lim sup
µ→0

P

(

sup
0≤t≤T

|uµ,N (t)| ≥ k0

)

= 0 for each T < ∞,

and that uµ,N (·) is a process that is equal to uµ(·) up until the first exit from SN ,
and hence an N -truncation process of uµ(·) [17, p. 284]. To proceed, we work with
{uµ,N (·)}, and derive its tightness and weak convergence first. Finally, we let N → ∞
to conclude the proof.

Lemma 4 Under the conditions of Corollary 3, {uµ,N (·)} is tight in D([0,∞) : Rd).

Proof In view of (4.7), for any δ > 0, and t, s ≥ 0 with s ≤ δ,

uµ,N (t + s)−uµ,N (t)=µ

(t+s)/µ−1∑

k=t/µ

fx (x∗, ξk, θk)uN
k q N (

uN
k

)

+√
µ

(t+s)/µ−1∑

k=t/µ

f (x∗, ξk, θk)+µ3/2
(t+s)/µ−1∑

k=t/µ

O
(
|uN

k |2q N (
uN

k
))

.

(4.8)
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Owing to the N -truncation used,

E

∣∣∣∣∣∣
µ

(t+s)/µ−1∑

k=t/µ

fx (x∗, ξk, θk)uN
k q N (

uN
k

)
∣∣∣∣∣∣

2

≤ K s2,

and as a result

lim
δ→0

lim sup
µ→0

E

∣∣∣∣∣∣
µ

(t+s)/µ−1∑

k=t/µ

fx (x∗, ξk, θk)uN
k q N (

uN
k

)
∣∣∣∣∣∣

2

= 0. (4.9)

Moreover, for the last term of (4.8),

lim
δ→0

lim sup
µ→0

E

∣∣∣∣∣∣
µ3/2

(t+s)/µ−1∑

k=t/µ

O
(
|uN

k |2q N (
uN

k
))

∣∣∣∣∣∣

2

= 0. (4.10)

Next, by the independence of {θn} and {ξn}, and in view of the mixing type of
inequalities (3.15)–(3.17),

E

∣∣∣∣∣∣
√

µ

(t+s)/µ−1∑

k=t/µ

f (x∗, ξn, θn)

∣∣∣∣∣∣

2

= µ

(t+s)/µ−1∑

k=t/µ

(t+s)/µ−1∑

j=t/µ

E f ′(x∗, ξk, θk) f (x∗, ξ j , θ j )

= µ

m0∑

i1=1

m0∑

i2=1

(t+s)/µ−1∑

k=t/µ

(t+s)/µ−1∑

j=t/µ

E f ′(x∗, ξk, i2) f (x∗, ξ j , i1)P(θ j = i1, θk = i2)

= µ

m0∑

i1=1

m0∑

i2=1

(t+s)/µ−1∑

k=t/µ

(t+s)/µ−1∑

j=t/µ

E[ f ′(x∗, ξk, i2) f (x∗, ξ j , i1)

−E f ′(x∗, ξk, i2)E f (x∗, ξ j , i1)]P(θ j = i1, θk = i2)

≤ Kµ

(
t + s

µ
− t

µ

)
= K s.

This yields that

lim
δ→0

lim sup
µ→0

E

∣∣∣∣∣∣
√

µ

(t+s)/µ−1∑

k=t/µ

f (x∗, ξk, θk)

∣∣∣∣∣∣

2

= 0. (4.11)

Combining (4.9)–(4.11), we have

lim
δ→0

lim sup
µ→0

E
∣∣∣uµ,N (t + s) − uµ,N (t)

∣∣∣
2

= 0,
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and hence {uµ,N (·)} is tight. ⊓*

We proceed to characterize the limit process. Another condition is stated first fol-
lowed by a lemma concerning a Brownian motion limit. In (A4), convergence to a
Brownian motion is assumed. Sufficient conditions (such as ( f (x∗, ξk, 1), . . . ,

f (x∗, ξk, m0))
′ being a φ-mixing process) can be provided. Then it becomes a standard

invariance theorem (such as in [2, Theorem 20.1]).

(A4) Define

Bµ(t) = √
µ

t/µ−1∑

k=0

( f (x∗, ξk, 1), . . . , f (x∗, ξk, m0))
′. (4.12)

The process Bµ(·) converges weakly to an Rm0d -valued Brownian motion B(·),
whose covariance is ΣBt with ΣB = (σB,i j , i, j = 1, . . . , m0) and σB,i j ∈
Rd×d given by

σB,i j = E f (x∗, ξ0, i) f ′(x∗, ξ0, j) +
∞∑

k=1

E f (x∗, ξ0, i) f ′(x∗, ξk, j)

+
∞∑

k=1

E f (x∗, ξk, i) f ′(x∗, ξ0, j). (4.13)

Moreover, for any m ≥ 0, as n → ∞,

1
n

m+n−1∑

k=m

Em fx (x, ξk, i) → f̂x (x, i) in probability for each i ∈ M.

(4.14)

Lemma 5 Assume (A4) holds. Define

wµ(t) = √
µ

m0∑

i=1

t/µ−1∑

k=0

νi f (x∗, ξk, i). (4.15)

Then wµ(·) converges weakly to a Brownian motion w(·), whose covariance is Σwt
with

Σw =
m0∑

i=1

m0∑

j=1

νiν jσB,i j . (4.16)

Proof The assertion follows from (A4) by noting wµ(t) = νBµ(t) (in the sense of
product of partitioned matrices) with ν = (ν1, . . . , νm0) and then applying the well-
known Cramér–Wold device. Thus the proof is completed. ⊓*
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Lemma 6 Assume the conditions of Lemma 5 and (A1). Define

w̃µ(t) = √
µ

t/µ−1∑

k=0

f (x∗, ξk, θk). (4.17)

In addition, ε = µ
1
2 +∆ for some ∆ > 0. Then w̃µ(·) converges weakly to the Brownian

motion w(·) given in Lemma 5.

Proof Since

w̃µ(t) = √
µ

m0∑

i=1

t/µ−1∑

k=0

f (x∗, ξk, i)I{θk=i}

= √
µ

m0∑

i=1

t/µ−1∑

k=0

f (x∗, ξk, i)νi + √
µ

m0∑

i=1

t/µ−1∑

k=0

f (x∗, ξk, i)[I{θk=i} − νi ],

(4.18)

in view of Lemma 5, we need only show

w̃µ(t) = wµ(t) + o(1),

where o(1) → 0 in probability uniformly in t ∈ [0, T ] for any T > 0. Working
with the last term in (4.18), it suffices to concentrate on a fixed i . In fact, for a fixed
i = 1, . . . , m0, using (3.16),

E

∣∣∣∣∣∣
√

µ

t/µ−1∑

k=0

f (x∗, ξk, i)[I{θk=i} − νi ]

∣∣∣∣∣∣

2

= µ

t/µ−1∑

k=0

t/µ−1∑

j=0

E f ′(x∗, ξk, i) f (x∗, ξ j , i)E[I{θk=i} − νi ][I{θ j =i} − νi ]

= µ

t/µ−1∑

k=0

t/µ−1∑

j=0

E f ′(x∗, ξk, i) f (x∗, ξ j , i)

×[P(θk = i, θ j = i) − νi P(θk = i) − νi P(θ j = i) + ν2
i ]

= µ

t/µ−1∑

k=0

t/µ−1∑

j=0

E f ′(x∗, ξk, i) f (x∗, ξ j , i)O(ε2k + ε2 j + ε + λk + λ j )

→ 0 as µ → 0.

(4.19)

In deriving (4.19), we have used the fact ε = µ
1
2 +∆. ⊓*
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The last term in (4.8) is asymptotically unimportant. This, combined with Lemma 1
and Lemma 6, yields that

uµ,N (t + s) − uµ,N (t) = µ

m0∑

i=1

(t+s)/µ−1∑

k=t/µ

fx (x∗, ξk, i)νi uN
k q N (

uN
k

)

+√
µ

m0∑

i=1

(t+s)/µ−1∑

k=t/µ

f (x∗, ξk, i)νi + o(1), (4.20)

where o(1) → 0 in probability as µ → 0 uniformly in t . Likewise, we also obtain
that for l satisfying t/µ ≤ lnµ ≤ (t + s)/µ − 1,

uN
lnµ+nµ

− uN
lnµ

= µ

m0∑

i=1

lnµ+nµ−1∑

k=lnµ

fx (x∗, ξk, i)νi uN
k q N (

uN
k

)

+√
µ

m0∑

i=1

lnµ+nµ−1∑

k=lnµ

f (x∗, ξk, i)νi + o(1),

(4.21)

where o(1) → 0 in probability as µ → 0.
Since {uµ,N (·)} is tight, we can extract a weakly convergent subsequence by Pro-

horov’s theorem. Still index the subsequence by µ for notational simplicity and denote
its limit by uN (·). We claim that uN (·) is the unique solution of the martingale problem
with operator LN defined by

LN g(u) = g′
u(u) f x (x∗)uq N (u) + 1

2
tr[guu(u)Σw], (4.22)

for any g(·) ∈ C2
0 (the collection of C2 functions with compact support). The proof

uses the martingale averaging approach [17].
To verify the desired result, we need only show that for any bounded and continuous

function H(·), any t, s > 0, any positive integer κ , and any t j satisfying 0 ≤ t j ≤ t
with j ≤ κ ,

E H(uN (t j ) : j ≤ κ)
[
g
(
uN (t + s)

)
− g

(
uN (t)

)
−

t+s∫

t

LN g
(
uN (τ )

)
dτ

]
= 0. (4.23)

To verify (4.23), it suffices to work with the sequence uµ,N (·) and demonstrate the
limit has the desired property.

By the weak convergence and the Skorohod representation,

E H
(
uµ,N (t j ) : j ≤ κ

)[
g
(
uµ,N (t + s)

)
− g

(
uµ,N (t)

)]

→ E H
(
uN (t j ) : j ≤ κ

)[
g
(
uN (t + s)

)
− g

(
uN (t)

)]
as µ → 0.

(4.24)
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Using (4.21),

g
(
uµ,N (t + s)

)
− g

(
uµ,N (t)

)

=
(t+s)/µ−1∑

lnµ=t/µ

[
g
(
uN

lnµ+nµ

)
− g

(
uN

lnµ

)]

=
(t+s)/µ−1∑

lnµ=t/µ

[
gu

(
uN

lnµ

)(
uN

lnµ+nµ
− uN

lnµ

)

+1
2

tr
(
guu

(
uN

lnµ

)(
ulnµ+nµ − ulnµ

)(
ulnµ+nµ − ulnµ

)′)] + o(1), (4.25)

where o(1) → 0 as µ → 0. Since uµ,N (t j ), for j ≤ κ , are Flnµ-measurable, it can
be seen that

lim
µ→0

E H
(
uµ,N (t j ) : j ≤ κ

)[ (t+s)/µ−1∑

lnµ=t/µ

gu
(
uN

lnµ

)[
uN

lnµ+nµ
− uN

lnµ

]]

= lim
µ→0

E H
(
uµ,N (t j ) : j ≤ κ

)[
µ

m0∑

i=1

(t+s)/µ−1∑

lnµ=t/µ

gu
(
uN

lnµ

)

×
lnµ+nµ−1∑

k=lnµ

Elnµ fx (x∗, ξk, i)νi uN
lnµ

q N (
uN

lnµ

)

+√
µ

m0∑

i=1

(t+s)/µ−1∑

lnµ=t/µ

gu
(
uN

lnµ

)
q N (

uN (
ulnµ

)) lnµ+nµ−1∑

k=lnµ

Elnµ f (x∗, ξk, i)νi

]

= E H
(
uN (t j ) : j ≤ κ

)[
t+s∫

t

gu
(
uN (τ )

)
f x (x∗)uN (τ )q N (

uN (τ )
)
dτ

]
. (4.26)

Similar to (4.26), we also obtain that

lim
µ→0

E H
(
uµ,N (t j ) : j ≤ κ

)[1
2

(t+s)/µ−1∑

lnµ=t/µ

tr
[
guu

(
uN

lnµ

)(
uN

lnµ+nµ
− uN

lnµ

)

×
(
uN

lnµ+nµ
− uN

lnµ

)′]
]

= E H
(
uN (t j ) : j ≤ κ

)[1
2

t+s∫

t

tr[guu(uN (τ ))Σw]dτ
]
. (4.27)
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Substituting (4.21) into (4.25) and using (4.26) and (4.27) yield

E H
(
uµ,N (t j ) : j ≤ κ

)[
g
(
uµ,N (t + s)

)
− g

(
uµ,N (t)

)]

→ E H
(
uN (t j ) : j ≤ κ

)
⎡

⎣
t+s∫

t

LN g
(
uN (τ )

)
dτ

⎤

⎦ as µ → 0. (4.28)

Combining (4.24) and (4.28), (4.23) is verified. Thus the truncated process uN (·) is
the solution of the martingale problem with the desired operator.

The last step involves showing that as N → ∞, the untruncated process uµ(·)
converges to u(·) weakly. The argument is similar to that of [17, pp. 282–285]. The
basic idea is: Let P0(·) and P N (·) be the measures induced by u(·) and uN (·), respec-
tively. Since

du(t) = f x (x∗)u(t)dt + Σ1/2
w dŵ (4.29)

is linear, it has a unique solution for each initial condition and P0(·) is unique. In
the above, ŵ(·) is a standard Brownian motion and Σw is given by (4.16). For each
T < ∞ and t ≤ T , P0(·) agrees with P N (·) on all Borel subsets of the set of paths in
Dd([0,∞) : Rd) with values in SN . Since P0(supt≤T |u(t)| ≤ N ) → 1 as N → ∞,
and uµ,N (·) converges to uN (·) weakly, we have uµ(·) converges weakly to u(·). It
turns out that the limit u(·) is the unique solution of the martingale problem with
operator

Lg(u) = g′
u(u) f x (x∗)u + 1

2
tr[guu(u)Σw]. (4.30)

Equivalently, u(·) is the solution of the stochastic differential equation (4.29). A few
details are omitted. We record the result into the following theorem.

Theorem 4 Assume the conditions of Corollary 1 and Lemma 6 are satisfied, and
f x (x∗) is a stable matrix (that is, all of its eigenvalues are on the left-half of the
complex plane). Then uµ(·) converges weakly to u(·) satisfying the diffusion equation
(4.29).

Remark 7 The solution of (4.29) can be written as

u(t) = exp( f x (x∗)t)u(0) +
t∫

0

exp( f x (x∗)(t − s))Σ1/2dŵ(s).

Since f x (x∗) is a stable matrix, u(·) is asymptotically stationary with stationary
covariance (for t > 0) given by
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Eu(t)u′(0)= E

⎛

⎝
t∫

−∞
exp( f x (x∗)(t − s))Σ1/2

w dŵ(s)

⎞

⎠

×

⎛

⎝
0∫

−∞
exp( f x (x∗)s)Σ1/2

w dŵ(s)

⎞

⎠
′

= exp( f x (x∗)t)Σ0,

where

Σ0 =
∞∫

0

exp( f x (x∗)s)Σw exp( f
′
x (x∗)s)ds.

The scale factor
√

µ together with the stationary covariance Σ0 then provides us with
the rate of convergence of the stochastic approximation/optimization algorithm. In
fact, in view of Theorem 4, loosely, xn − x∗ is asymptotically normal with mean 0 and
covariance µΣ0.

5 Polyak’s iterate averaging

Inspired by the recent work on iterate averaging for stochastic approximation algo-
rithms that was proposed in [19], and developed independently by [21], we consider
the iterate averaging algorithms with a fast Markov component in this section. The
motivation behind the averaging approach can be traced back to the work of [6] and
many subsequent papers on adaptive stochastic approximation. We illustrate the idea
in what follows. Consider a decreasing step size stochastic approximation algorithm
(without a Markov chain component)

yn+1 = yn + µn F(yn, ζn),

where F(·) is a suitable function and µn = O(1/nγ ) with 0 < γ ≤ 1. Assuming
{ζn} is a stationary sequence and y∗ is the unique asymptotically stable point of the
ODE ẏ = F(y), under suitable conditions, it can be shown yn → y∗ in an appropriate
sense and (yn − y∗)/

√
µn is asymptotically normal. Clearly, µn = O(1/n) yields

the best scaling factor among different choice of γ with 0 < γ ≤ 1. The idea in
[6] lies in choosing µn = Γ /n and minimizing the resulting asymptotic covariance
with respect to the parameter Γ , although that paper dealt with a scalar problem only
and no diffusion approximation was involved. It leads to the discovery that the best
choice of Γ is −(F y(y∗))−1 yielding the minimal variance. It has also been noted this
minimal variance in fact, is related to the Cramér–Rao bound and Fisher information
[18] leading to an asymptotic efficient procedure. However, the point y∗ and most
often the function F(·) and F y(·) are unknown. To be of any use, one has to estimate
the quantity F y(y∗) (a matrix-valued function for multidimensional problems). The
adaptive stochastic approximation approach then aims to construct both yn and the

123



G. Yin et al.

estimate of the gradient F y(y∗) recursively. For multidimensional problems, this is
proved to be impractical due to the computational complexity.

As an alternative, the iterate averaging is based on a different idea. First it uses
a large step size (larger than O(1/n)) to get a sequence of rough estimates. Then a
simple arithmetic averaging on the rough estimates is carried out. It has been shown
that the iterate-averaging approach leads to asymptotic optimality (the best scaling
factor and the minimal variance) and has advantages for various applications. First, its
initial approximation uses slowly varying step sizes larger than O(1/n) and enables
the iterates to get to a neighborhood of y∗ faster than that of a small step-size proce-
dure. Then by averaging the iterates, the resulting sample path possesses the minimal
variance.

Our effort in what follows is to prove that the iterate averaging yields asymptotic
optimality for the algorithms considered in this paper. Note that the averaging is taken
with a window of width O(1/µ), the so-called minimal window width of averaging
(see [17, Chapt. 11]). To analyze the algorithm, we let t1 and t2 be nonnegative real
numbers that satisfy t1 + t2 = t , and choose tµ such that tµ → ∞ as µ → 0. Define

Xn = µ

t

tµ+t1/µ−1∑

j=tµ−t2/µ

x j , X̂n = µ

t

tµ+t1/µ−1∑

j=tµ−t2/µ

(x j − x∗), (5.1)

and

uµ(t) =
√

µ

t

tµ+ t1
µ −1∑

j=tµ−t2/µ

(x j − x∗). (5.2)

Using a similar argument as [17, p. 379], we obtain: For each fixed t > 0, uµ(t)
converges in distribution to a normal random vector u(t) with mean 0 and covariance

1
t

f
−1
x (x∗)Σw( f

−1
x (x∗))′ + O

(
1
t2

)
.

Note that f
−1
x (x∗)Σw( f

−1
x (x∗))′/t is the optimal asymptotic covariance in the

sense mentioned in the previous paragraphs. Thus iterate averaging over a window
of O(1/µ) when ε = O(µ) results in a tracking algorithm with an asymptotically
optimal covariance.

Remark 8 In Monte Carlo optimization, one is most concerned with the bias and noise.
As observed in [17, p. 374], the iterating averaging does not have effect on the bias
for a Kiefer–Wolfowitz type stochastic optimization algorithm, but it does reduce the
noise around the bias; see also the related work [5,7], and [24, Sects. 4.5.3 and 6.8],
among others.
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6 Example and discussion

6.1 A two-time-scale LMS algorithm

This section is devoted to an example of a class of LMS (least mean square) algo-
rithms involving a Markov chain parameter. The motivation for such a study arises
from a number of examples in fault diagnosis and change detection (see [1]), target
tracking, and econometrics (see [10]) and the references therein. Such problems also
arise in emerging applications of adaptive interference suppression in wireless CDMA
networks with fast fading and state estimation of hidden Markov models (see [13]).

Let {yn} be a sequence of real-valued signals representing the observations obtained
at time n, and {θn} be the time-varying true parameter, an Rd -valued random process.
Suppose that

yn = ϕ′
nθn + en, (6.1)

where ϕn ∈ Rd is the regression vector, θn (a vector-valued parameter process) is
a Markov chain with state space M = {a1, . . . , am0} with ai ∈ Rd , and en ∈ R
represents the zero mean observation noise. We consider a LMS type algorithm with
a constant step size that recursively operates on the observation sequence {yn} to
generate a sequence of parameter estimates {θ̂n} (or {xn} in the notation of (2.7))
according to

θ̂n+1 = θ̂n + µϕn(yn − ϕ′
n θ̂n), (6.2)

where µ > 0 denotes the small constant step size. In a companion paper [30], we have
considered a similar problems with a slowly varying Markov chain (slow in the sense
of the transitions occurring infrequently, i.e., ε ≪ µ) using an algorithm taken the
same form. Nevertheless, fundamentally different, now the parameter process changes
much faster than the estimates θ̂n generated (i.e., µ ≪ ε). This difference creates much
of the difficulties. One essentially has no hope to track the detailed parameter variations
due to the fast-changing dynamics in the parameter process. As is well known that
for parameter estimation or tracking, one can only track the time-varying parameter
if certain tractability conditions or identifiability conditions are met. Thus, the fast-
varying parameter process poses a barrier or limitation that cannot be overcome. Using
the results from previous sections, we suggest a viable alternative. Instead of tracking
the actual system, we may ignore the detailed variations and consider only the limit
system. Note that in the previous sections, the underlying Markov chain was assumed
to be a scalar-valued one. In this section, a vector-valued process is under consideration.
However, the general approach outlined before can be readily adapted to the current
situation. For example, we may treat θn as Θ(θ̃n) such that θ̃n is a Markov chain taking
values in {1, . . . , m0} and Θ(i) ∈ Rd for i = 1, . . . , m0. Using the analysis in the
convergence and rate of convergence sections, we obtain the following results. The
assertions are provided in what follows although the detailed derivations are omitted.

Assume that the process {ϕn, en} is stationary satisfying Eϕnen = 0 and Eϕnϕ′
n =

A, and that it is bounded mixing processing with mixing measure ψn satisfying∑
n ψ

1/2
n < ∞. In addition, assume ε = µ

1
2 +∆ for some ∆ > 0.
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Since {ϕn, en} is stationary uniform mixing, it is ergodic. Then for any m ≥ 0,

1
n

n+m−1∑

k=m

ϕkek → 0 and
1
n

n+m−1∑

k=m

ϕkϕ
′
k → A w.p.1 as n → ∞.

Furthermore, we obtain:

– Define the continuous-time interpolation θ̂µ(t) = θ̂n for t ∈ [µn, µn + µ). Then
θ̂µ(·) converges weakly to θ̂(·), which is the unique solution of the differential
equation

d
dt

θ̂(t) = −A(θ̂(t) − θ∗), (6.3)

where

θ∗ =
m0∑

i=1

νi ai .

– Suppose tµ → ∞ as µ → 0. Then θ̂µ(· + tµ) converges weakly to θ∗.
– Define un = (θ̂n − θ∗)/

√
µ. Then {un : n ≥ Nµ} is tight for Nµ given in (4.1).

– Define

wµ(t) = √
µ

t/µ−1∑

k=0

ϕkek .

Then wµ(·) converges weakly to Σ1/2w(·), where w(·) is a standard Brownian
motion, and Σ = Eϕ0ϕ

′
0e2

0 +∑∞
k=1 Eϕkϕ

′
0eke0 +∑∞

k=1 Eϕ0ϕ
′
keke0. Define uµ(·)

to be the piecewise constant interpolation of un . Then uµ(·) converges weakly to
u(·), which is the unique solution to the stochastic differential equation

du = −Audt + Σ1/2dw. (6.4)

– In lieu of the mixing condition on {ϕn, en}, assume that for each m ≥ 0,

1
n

m+n−1∑

k=m

Emϕkek → 0 in probability as n → ∞,

and that there are symmetric positive definite matrices A1 and A2 satisfying A1 <

A2 (in the sense of positive definiteness) such that

ρ
[1

n

m+n−1∑

k=m

Emϕkϕ
′
k, A

]
→ 0 in probability as n → ∞,
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where A is the set of convex combinations of A1 and A2 and ρ(·) is the distance
function. Then it can be shown that θµ(·) converges weakly to θ(·) such that the
limit θ(·) satisfies the differential inclusion

θ̇(t) ∈ −A(θ(t) − θ∗).

6.2 Discussion and extensions

In this paper, we have developed a class of stochastic approximation and optimization
algorithms. One of the main features is the inclusion of a Markov component. Another
novel feature is that the Markov chain changes an order of magnitude faster than that
of the iterates. Convergence, rates of convergence, and iterate averaging have been
examined. A number of issues are worthy of further investigation; several directions
may be pursued for subsequent study under the framework on inclusion of a Markov
chain that varies faster than the step size used in the iterations.

First, from an applications point of view, the results of this paper yield useful insight
into the nature of the use of adaptive filtering algorithms in wireless communication
systems. For applications where the communication channel varies much faster than
the dynamics of the channel, the results of Sect. 6.1 yield a fundamental limit into
how well LMS based channel estimation algorithms can perform. In particular, the
above results show that LMS based channel estimation algorithm for estimating the
rapidly varying channel amplitude can at best only estimate the invariant distribution
of the channel amplitude and not the actual amplitude sample path. For such cases, as
suggested in [25], it is appropriate to use alternative measurements such as the phase
of the channel which typically varies on a slower time scale. Tracking of fast varying
channels is an important ingredient of “Cognitive radio”—we refer the reader to [9].

For the purpose of optimization, the algorithm considered in this paper assumes the
noisy gradient estimates being available. When such gradient estimates or pathwise
derivatives are not available, we have recourse to the gradient estimates based on noisy
cost function value measurements. The results of this paper can readily be extended
to such a case where only noisy functional measurements are available. Then, the
algorithms involving gradient estimates will be of the Kiefer–Wolfowitz form.

With the gradient-estimate-based stochastic approximation algorithms, considering
high dimensional stochastic optimization problems using random directions, nowa-
days commonly referred to as SPSA (simultaneous perturbation stochastic approxima-
tion) [23], is of particular interest. Using a constant step size for the iterates together
with another constant step size for the gradient estimates, these step sizes should
be incorporated with the perturbation parameter ε in the Markov chain. Constrained
algorithms (e.g., projection and truncation algorithms as those studied extensively in
[17]) will be beneficial in a wide range of applications. There is also a version using
randomly generated truncation bounds to relax the growth condition on the function
under consideration [4]. Global stochastic approximation and optimization, and to
some extent, global optimization as a whole, remain difficult, especially in improving
rates of convergence [28].
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Scalar Markov chains are treated in the paper. The results can be extended to vector-
valued Markov chains using the same techniques as in this paper. One example is given
in Sect. 6. In financial engineering, such an approach is known as calibration. Under
the premise that a countable state Markov chain can often be approximated by a finite
state Markov chain (in fact under current computation capability, only finite state
space cases can be treated), we have focused on Markov chains with a finite state
space. Consideration of problems involving countable state space is a worthwhile
effort. Stopping rules associated for the algorithms proposed also deserves further
study and investigation. A possible approach is to examine the associated stopped
random processes; see [26].

In stochastic optimization algorithms, when we deal with nondifferentiable (or
nonsmooth) functions, in lieu of limit ordinary differential equations, we have diffe-
rential inclusions. The use of convex optimization and subgradients naturally arise. It
is important to study asymptotic properties for the class of regime-switching stochastic
approximation and optimization algorithms with a fast-varying jump component in
this context.

The rate of convergence was studied here using diffusion approximation techniques.
A worthwhile extension is to conduct a large deviations analysis. It will be advanta-
geous for constrained optimization problems.

Owing to many emerging applications in wireless communications and finan-
cial engineering, there are growing interests in studying regime-switching stochastic
approximation and optimization algorithms. The analysis in this paper combined with
different order of magnitude of step sizes (different combinations of ε and µ as in
[30,32]) will open up new domains for a wider range of applications.
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